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J. R. Holub has obtained several results for shift operators on C(X). In this paper 
we answer some questions of Holub and obtain extensions of many of his results. 
In particular, we show that C(X, R) does not admit a shift operator if X has only 
countably many components and each component is inlinite. We show that C(X, C) 
does not admit a shift operator for certain special compact Hausdorff spaces X. We 
show that there exists a compact HausdorlTspace X which is not totally disconnected 
and both C(X, C) and C(X, R) admit shift operators. If 1 < p < cc and (X, Z, p) 
is a a-linite non-atomic measure space then L%(p) does not admit a disjointness 
preserving shift operator. We also show that IP for 1 < p Q cc is the only LP,(p) 
space which admits a disjointness preserving shift operator. ‘c 1991 Academic 
Press. Inc. 
1. INTRODUCTION 
The idea of extending the concept of a shift operator to the Banach space 
setting has been the subject of several articles in the not so distant past. 
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R. Crownover [3] was the first to give a basis free definition of a shift on 
a general Banach space (see the definition below). In that paper he gave 
several results concerning the spectrum, the commutant, and a sequence 
space representation for such shifts. All of his examples were either shifts on 
sequence spaces or multiplication by “z” on spaces of analytic functions. 
The general question of which Banach spaces admit shift operators was not 
addressed. Recently, Holub [S] considered the problem of when a Banach 
space admits an isometric shift operator. He showed that if X is a compact 
Hausdorff space having only finite many components then C(X) does not 
admit an isometric shift operator. So in particular C[a, b] does not admit 
any such operator. Holub also gives many conjectures in this paper, several 
of which will be resolved here. 
This article studies further the question of which Banach spaces admit a 
shift operator. We first consider the case when the Banach space is a C(X) 
space, where X is a compact Hausdorff space. We will show that isometric 
shift operators on such spaces can be classified into two types, each of 
which has a simple representation (see Theorem 2.1). This result allows us 
to give some conditions on X under which C(X) does or does not admit 
an isometric shift. For instance, we show that if X is not separable and has 
no isolated points then C(X) does not admit an isometric shift. In the usual 
examples of shift operators on C(X), the underlying space X always has 
isolated points. In Section 3, we consider a compact Hausdorff space K 
with no isolated points (namely the Cantor set) and consider the problem 
of whether C(K) admits a shift. Section 4 discusses shift operators on 
Dedekind complete Banach lattices. These spaces include the L” spaces 
as well as C(X) spaces where X is an extremally disconnected compact 
Hausdorff space. We show if such spaces do not have any atoms, then they 
do not admit a. disjointness preserving (quasi-)shift operator. We then use 
this result to show that if an Lp space (1 < p 6 ,x) admits a disjointness 
preserving shift, then it must be isometrically isomorphic to the sequence 
space IP. Finally, in Section 5 we show that if C(X) admits a disjointness 
preserving isometric shift of type I then X must be separable. 
We now give the precise definition of the various types of shift operators 
that we will consider. By an operator on a Banach space E we will mean 
a continuous linear transformation from E into itself. 
DEFINITION 1.1. An operator T on a Banach space E is called a 
(Crownover) shift if: 
(i) T is injective. 
(ii) The range of T has codimension 1. 
(iii) cl;!, T’(E) = (0). 
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Note that condition (ii) implies that T has closed range. If T satisfies (i) 
and (ii) only, it will be called a quasi-shift. If it satisfies (i) and (iii) only, 
it is called a semi-shift. If in addition to these properties, T is an isometry, 
it will be called an isometric (quasi- or semi-)shift. 
Crownover considered shift operators on complex Banach spaces 
whereas Holub studied isometric shifts on real Banach spaces; his techni- 
ques do not seem to carry over to the complex case. Here we will allow the 
Banach spaces to be over either the real or complex field. 
2. ISOMETRIC SHIFTS ON C(X) 
In this section, X will assumed to be a compact Hausdorff space. Our 
first result, which follows from a theorem of Holsztynski [6], classifies 
isometric shift operators on C(X) into two different types. 
THEOREM 2.1. Suppose T is an isometric shift operator on C(X). Then 
there exists a closed subset A’,, qf X, bvhere either 
(i) X0= X’\(p}, ,h N ere p is an isolated point of X or 
(ii) X,=X 
such that there exists a continuous surjkctive map $1 X,, + X and a 
unimodzdarfunction WE C(X,) such that Tf(x) = w(x) f($(x)) for all x E X0. 
Proof By [6], there exists a non-empty closed subset X0 of X, a con- 
tinuous map $ from X0 onto X, and a unimodular function )V E C(X,,) such 
that Tf(x)= u(x) f($(x)) for all IE X0. Suppose X\X, contained two 
distinct points; call them x, and x1. By Urysohn’s lemma there exists 
functions f, and fi in C(X) such that fi(x,) = fi(xz) = llf,ll = l/fill = 1, 
f,(x)=fJx)=O for all XEX,, andf,(xz)=fi(s,)=O. 
We claim that no non-zero linear combination offi and fi is in the range 
of T. To see this, suppose g = ;Ifi + pfI is in the range of T, where A and 
p are scalars. Then there exists a function h E C(X) such that g = Th, so 
g(x)= w(x)h($(x)) for all XE X0. But by construction, g(x)=0 for all 
x E X, which forces h to be the zero function since I+G is surjective and M: is 
unimodular. Hence g = Th must also be the zero function, which proves the 
claim. But since f, and fi are linearly independent, this implies that the 
range of T does not have codimension 1 contrary to hypothesis. Thus 
X\X, consists of at most one point and this point (if it exists) must be 
isolated since X0 is closed. 
Remark. It can be seen from the second paragraph of the proof of 
Theorem 2.1 that if f E C(X) and f(x) = 0 for all x E X0, then f is not in the 
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range of T unless .f is identically zero on X. From this it follows that if 
X0 # X, then the point p is uniquely determined. 
Using the notation of Theorem 2.1, we shall call an isometric shift 
operator T on C(X) of type I if X,, can be chosen so that X,, # X. We will 
call an isometric shift operator on C(X) of type II if it is possible to take 
X0 = X. A compact Hausdorff space X will be said to be of type I if C(X) 
admits a type I shift and of type II if C(X) admits a type II shift. 
EXAMPLES. 1. Let X be the one point compactilication of the natural 
numbers, so C(X) may be identified with the sequence space c of all 
convergent sequences. Let T be the usual unilateral shift operator 
(x,, ?cz, ...) H (0, x,, .x1, . ..) under the identification of C(X) with c. Then T 
is of type I since we may take X,, = Xi, { 1 }, \i’ = 1 on X0, and $: X0 + X to 
be $(tr)=n- 1 (Nan\ and $(cr~)=,x. 
2. Let X again be the one point compactilication of the natural num- 
bers and define T to be the operator on C(X) z c defined by (xi, ,Y~, ...)H 
( - (x, + X,)/2, I ,, s2, . ..). It is clear that T is an isometry.whose range has 
codimension 1. Suppose (I,, .yZ, .. . ) is a sequence in the range of T” for all 
natural numbers n. Then for each k E N, sk = - (sk+, + .Y~+ ?)/2? from 
which it follows that at least one of (the real parts of) .xk, x~+ ,, sk+: is 
greater than or equal to zero and at least one is less than or equal to zero 
(and similarly for the imaginary parts). Since this sequence converges, this 
implies that .Y~ + 0. Thus, for any E > 0, there exists a natural number N 
such that 1~~1 <E if k > N. Using the formula xk = - (x~ + , +x,+,)/2 
inductively, one sees that if k < N. then J+Y~~ 6 max( lxJ, I-Y,~+ ,I) < E. Since 
E was arbitrary, this shows that (x,, I?, . ..) must be the zero sequence and 
hence T is an isometric shift. It is easy to see that it must be of type I; 
furthermore it is clear that T cannot be of type II since it does not always 
take disjoint sequences to disjoint sequences. 
3. It is possible that a shift operator is both of type I and of type II. 
For example, with X defined as above, let T be the operator on c 2 C(X) 
given by (.Y,, ?cZ, ...) H ( -x,, X, , .Y?, . ..). As in Example 2, it is easy to 
verify that T is an isometric shift operator. Moreover T is of type I since 
we may take X0 = (2, 3,4, . ..) u{‘x}, $(n)=n-1 for all n~N\{l], 
$(co) = ,x, and )V = 1 on X0. It is of type II since we may take X,, = X, 
@(I)= 1, $(a)= CG, t,+(n) =n - 1 for all PZE {2, 3, 4, . ..}. and r~(l)= - 1 
while \v(x) = 1 for all x E X\ { 1 ). 
For the rest of this section, T will always be an isometric shift operator 
on C(X) and X0, \v, and $ will be as given in Theorem 2.1. Our next goal 
is to investigate further the properties of the map +. 
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LEMMA 2.1. Suppose T is an isometric shif operator andf is in the range 
of T. Then (f 1 is constant on each fiber I,!I -l(x) for any x E X. 
Proof Let f = Tg for some ge C(X). Then f(x)= w(x) g($(x)) for 
all XE X0. Since (w(x)( = 1 for all XE X0, it follows that If(x)1 = Ig($(x))l 
for all .uEX,. Therefore, if Il/(x,)=rj(xz) for x1 and x2 in X0, then 
If(x,)l = If(x 
LEMMA 2.2. Let T be an isometric shif operator on C(X) and,let X0, II/, 
and w be as in Theorem 2.1. Then $ ~ l(x) has at most two elements for each 
x E X. Furthermore, if x0 E X and $(a) = (1/(b) = x,, for some distinct points 
a, b in X0, then t+--‘(x) is a singleton for each XE X\{x,>. In addition, if 
X0 # X (so X is of type I) then II/ is one to one and hence a homeomorphism. 
Proof Suppose that x1, x 2, xj are three distinct points of X,, such that 
$(x,) = It/(x*) = $(x3). By Urysohn’s lemma there exist functions f, and fz 
in C(X) such that f,(x,) = 1 while f,(x,)= f,(x,)=O and fi(x,) = 
fi(xz) = 0 but fi(x3) = 1. Since the range of T has codimension 1 there exist 
constants ,I and p, not both zero, such that Afl + pfi E T(C(X)). By 
Lemma 2.1, the values of I(J.fI + ~f*)(x~)l must be the same for k = 1, 2, 3. 
However, evaluation of this expression at these three points yields 
,4 =0 = p, a contradiction. Therefore, tj -l(x) contains at most two 
elements. 
Now suppose that x, and x2 are distinct points in X such that II/ ‘(x,) 
and (IreI each contain two distinct points. Let a, b, c, and d be 
points in X0 such that $(a)= $(b)=x, and $(c)= $(d) =x2. Then by 
Lemma2.1, If(a)1 = If(b)1 and If(c)1 = If(d)1 for all fe T(C(X)). Now let 
g and h be continuous functions on X such that g(x) =0 on (a, c, d} 
and g(b) = 1 while h(x) = 0 on {b, d} but h(x) = 1 on (a, c}. Since the 
codimension of the range of T is 1 there exist non-zero constants 1 and 
p such that Ag+phE T(C(X)). Since l(Ag+ph)(a)l = I(Ag+ph)(b)l and 
l(J.g + ph)(c)l = I (;lg + ph)(d)l it follows by direct evaluation that 2 = p = 0, 
a contradiction. 
Finally suppose that X,, # X. Then X\X,, = (p} is a singleton by 
Theorem 2.1. Then the function defined by f(x) = 0 if x E X0 and f(p) = 1 
is continuous. By the remark following Theorem 2.1, f does not belong to 
the range of T. Suppose that there exists distinct elements a, b in X0 such 
that $(a) = Ii/(b). Let g be a continuous function on X with range [0, l] 
such that g(x) =0 on {p, a} and g(b) = 1. As g is not constant on fibers, 
it is not in range of T by Lemma 2.1. Since T is a shift operator there must 
exist non-zero constants 1 and p such that Af + pg E T( C(X)). However, it 
must also be true that I(Af+pg)(a)l = I(Af +pg)(b)l and this equality 
implies that 2 = p = 0, again a contradiction. Therefore $ is a homeo- 
morphism and the proof is complete. 
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Remark. If X is of type I, so X1.,X, = { p} then p is an isolated point in 
A’. Since II/: X0 -+ X is a homeomorphism it follows from the last result that 
there is a unique point p1 in A’, such that $(p,) = p. The continuity of $ 
and the fact that X0 is open in X implies that p, is also isolated in X. Con- 
tinuing by induction, it is clear that X must in fact have an infinite number 
of isolated points p, p,, p?, . . . . p,,. such that $(p,,+ ,) = (p,,) for each 
natural number II. 
We can now easily obtain the following theorem, which was proved by 
different means in the case of real scalars by Holub [S]. 
THEOREM 2.2. There are no isometric shifr operators on C([a, h]), where 
[a, b] is any closed interval in R. 
ProoJ Suppose C( [a, b]) had such a shift operator T. Then by 
Theorem 2.1 and the above lemma, Tf((x) = w(x)f($(x)) for all XE X; 
moreover, there exists a unique pair of points .t’< z in [a, b] such that 
e(y) = I,&). Hence, for any point x0 E (J. I), we have $(x0) # rl/( y). The 
intermediate value theorem implies that tj must take on every value 
between 1,4(y) and $(x0) on the interval (J*, x,,) and again on the interval 
h, --), contradicting Lemma 2.2. Thus, no such shift can exist. 
We now wish to consider the question of which compact Hausdorff 
spaces X admit a type I shift. We do not now have a complete answer to 
this question, but we can give some partial results. To begin with, the 
remark given above says that such a space must contain an infinite number 
of isolated points. 
DEFINITION 2.1. Suppose T is a type I isometric shift operator on C( A’), 
let X0 be as in Theorem 2.1 and let X/J, = {p>. Define T,- to be the 
bounded linear functional associated with T given by r,(f) = Tf(p). 
EXAMPLES. Let X be the one-point compactilication of the natural 
numbers, and let T be the usual unilateral shift on c z C(X). Then p is the 
first coordinate of the sequence and rT z 0. On the other hand, if T is shift 
on c given by (x,, ?cz, ...) H ( - (x, + s,)/2, xi, x2, . ..). then r,(j) is only 
zero for sequences where X, = -x2. 
THEOREM 2.3. Let T be a type I isometric shift operator on C(X), let 
x\xo= {P> and suppose rT E 0. Then the set D = {p, t,G -. ‘(p), 
$-‘(p), . . . . ‘b-“(p), ... ) is dense in X. Therefore X is homeomorphic to a 
compactification of the natural numbers. 
ProojY Suppose g E C(X) and that g(x) = 0 for all x E D. Then there 
exist constants A and p not both zero such that Ix, + pg E (T(C(X))), 
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where xP denotes the characteristic function of {p}. Now p #0 because xP 
is not in the range of T. Therefore if we let 11=1/p it follows that 
vxP + g = Th for some h E C(X). Evaluation of this expression at p yields 
v = f,(h) =0 and so g must belong to the range of T. Thus, there exists a 
function h such that g = Th. We claim that k also vanishes on D. To see 
this, note that h(x) = g($ P’(,u))/i~($-‘(x)) for all XE X. Therefore, since 
G-‘(D) c D and g vanishes on 6, it follows that h vanishes on d as well. 
Applying the first part of the argument o h in place of g yields that h must 
also be in the range of T and hence g is in the range of T’. It can now be 
easily seen by induction that g is in the range of T” for every positive 
integer n. Hence g must be the zero function since T is a shift operator. But 
this implies that D = X. 
Remark. At this point, it is reasonable to ask if the set D is still dense 
in X when Z#O. It is not clear that X is separable in this case. This 
question will be addressed in the last section of the paper. 
THEOREM 2.4. Let X be a compact Hausdorff space with an isolated 
point p and let X0 = X\ { p}. Suppose that there exists a homeomorphism 
$: X,+X such that the set {p, t+-‘(p), I+-‘(P), . . . . I,-“(P), . ..} is dense in 
X. Then there is an isometric shift operator on C(X) such that r,(f) = 0. 
Prooj Define T: C(X) + C(X) by Tg = g($(x)) if x E X0 and Tg(p) = 0. 
It is clear that T is a linear isometry. If fe T”( C(X)), then f(p) = 
f(rl/-l(p))= ... = f(+‘-“(p))=O. Consequently, the assumption that the 
set {p, t+-‘(p), . . . . t,-“(p), . ..> is d ense implies that fl;= 1 Tn(C(X)) = {O}. 
Finally, since the range of T consists exactly of those functions f E C(X) for 
which f(p) = 0, it is easy to see that the range of T has codimension 1. 
In [S], Holub conjectured that if X is a compact Hausdorff space with 
at least one intinte component hen C(X) does not admit an isometric shift. 
Our next result shows that this conjecture is in fact false. 
COROLLARY 2.1. There exists a compact Hausdorff space X with an 
infinite connected component such that C(X) admits a shift operator. 
Proof: Let BN denote the StoneeCech compactification of the natural 
numbers N. Also, let Z denote the closed unit interval [0, l] and S’ be the 
unit circle {e2ni-rJ~EZ}, both with the usual topology. Define the function 
f:N+S’ by f(n)=e2xi2”lri. Denote by f the continuous extension off to 
/?N and let g denote the restriction off to PN\N. 
Define an equivalence relation - on /IN by placing each integer n EN 
in its own equivalence class and defining a - b (a, b E /3N \N) if and only if 
g(a) = g(b). Let X be the quotient space X = PN/ - . Clearly X is a compact 
Hausdorff space which contains N as an open dense subset, and X\N is 
104 GUTEKETAL 
homeomorphic (via the map induced by g) to S ‘. The continuity of the 
function e?nin H e271iffl + , Tl on S’ implies that a sequence /I,, pr2, n3, . . . of 
integers in N converges in X if and only if n, + 1. fz2 + 1, . . . . nk + 1, . . . con- 
verges in X. Therefore the map II H tr + I on N extends to a continuous 
function s from X to itself. Furthermore, under the identification of X\N 
with S L, s(e2rri~~) = e2nr(.r f, il. It is clear that s is a homeomorphism of X 
onto X’\ { 1) and that the orbit of the point 1 in X by this map is dense in 
X. It follows by Theorem 2.4 that C(X) admits a shift. 
We turn our attention next to type II shift operators. Recall that if T is 
such a shift operator on C(X), then r/“(x) = \v(.Y).~($(.Y)) for all s E X, and 
by Lemma 2.2 there exists a unique set of two distinct points (a, b} c X 
such that $(a) = $(h). Let c = $(a). 
THEOREM 2.5. Let T be a tJ’pe II isometric shift operator on C(X) and let 
IV, (I/, a, b, and c be as above. Define the subset F of X b? 
7. 
F= u $“(c). 
!,-I 
Then F is dense in X. 
Proof: We need to first make some preliminary observations. First of 
all, it is clear that $(F) c F and hence II/(F) E i? On the other hand, sup- 
pose +YE$--‘(F). If $(?T)E {a, 6, c} then clearly XEE Otherwise, there is a 
net (z,) on F\(a, 6, c) which converges to Ii/(x). Since X is compact we 
may assume, without loss of generality, that (I,-‘(;~)) is convergent to 
some ?rO in E From the continuity of II/ it follows that the net ($(I+-‘(2%))) 
converges to $(-x0). Since X is Hausdorff, we must have $(.Y~) = Il/(-u). Since 
{x, x0} n {a, b, c} = (25 ’ f 11 it o ows that x = x0 E i? Since II/ is surjective, this 
shows that both P and its compliment are invariant under II/. 
Suppose that F# X. Then there exists a non-zero function gE C(X) such 
that g(?c) = 0 for all x E E Define h E C(X) by h(x) = 0 on F and h(x) = 
g($ -‘(-u))/M($ -‘(+u)) on X\E We claim that h is continuous for each 
.yO E X. To see this, let x, (CI E D) be a net converging to x0. First suppose 
that X,,E F, so h(q) = 0. Suppose h(x,) does not converge to 0. Then by 
passing to a subnet if necessary, there exists a number E > 0 such that 
Ih( > E for all t( E D. In particular, this implies that .Y, $ F for all E E D 
and hence I,+ -‘(x,) is a singleton. By again passing to a subnet if necessary, 
we can assume that II/ ~ ‘(x,) converges to some z E X. It follows from the 
continuity of II/ that +(I+-‘(x,)) converges to ll/(z)=xO. By the first 
paragraph, 2 E E Since g is continuous, it follows from the definition of lt 
that Ih(x,)l = Ig(ll/-'(xl)l -, l&)I =O, contrary to assumption. Thus h is 
continuous at each .x0 E F. 
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Now suppose x0 4 F and h is not continuous at x0. By passing to a 
subnet if necessary, we may assume that x, $ F (since X\F is open), that 
there exists an E such that ]h(x,) - h(?c,)l > E for all ~1, and that 1+5 -‘(x,) 
converges to some z E X. As above, I(/(z) = x0 so 2 4 z By the continuity of g 
and u’, h(x,) = g(~~‘(x,))/v(II/-‘(x,)) + g(z)/ic(z) = h(?r,), a contradiction. 
This proves the claim that h E C(X); the fact that Th = g follows directly 
from the formula for h and we are done. 
COROLLARY 2.2. Zf C(X) admits a tl’pe II isometric shift then X must be 
separable. 
COROLLARY 2.3. If X is a compact Hausdorff space with no isolated 
points and admits an isometric shift, then X must be separable. 
We have seen that type I spaces are homeomorphic to themselves with 
one point removed. The next result shows that type II spaces are 
homeomorphic to the quotient space obtained by identifying two points in 
the space. 
THEOREM 2.6. Suppose X admits a type II shift operator. Then there 
exists distinct points a, b E X such that X is homeomorphic to the quotient 
space Q := X/ 8, where = is the equitlalence relation defined as x z y means 
either x= J’ or (x, y$ = {a, 6). 
Proof By Lemma 2.2, there exists a continuous map $: X -+ X and a 
pair of distinct points a, be X such that $(a) = $(b), but $(xj # $(I’) if 
{-c y} Z {a, 6). Supp ose I/ is a non-empty set in X for which II/ ~ ‘( V) is 
open and let x E V. We claim that V is an open set. For if .Y # $(a), then 
there exists an open neighborhood U of +-‘(x) such that a# 0. Hence the 
restriction of I+G to U n $ - ‘( V) is a homeomorphism. It follows that 
$(U) n V is an open set since its inverse image is open. Thus, x is an 
interior point of V in the case where x # $(a). Now suppose that x = $(a) 
and let U be an open subset of I,$ ~ ‘( V) such that a E 0 but b # 0. Then 
the restriction of II/ to 0 is a homeomorphism and hence rl/( U) is an open 
subset of V containing x. Hence x is an interior .point of V in this case 
also so V is open. This shows that $ is a quotient map: hence by [ 11, 
Theorem 11.21, X is homeomorphic to Q. 
The following corollary follows from Theorem 2.6 by comparing the 
homology groups of the respective spaces with their quotient spaces. 
COROLLARY 2.4. The following spaces do not admit an isometric shift 
operator : 
1. the n-sphere S”; 
2. the n-cube [a, 61”. 
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Remark. Holub [S] showed that if X is connected then C(X) with real 
scalars does not admit an isometric shift operator. It appears to be 
unknown whether this result is also valid for complex scalars, though the 
above results show that it is true in many important special cases. 
COROLLARY 2.5. Let (Z, ,Y. 11) he a non-atomic measure space. Then 
Lx (Z, z, p) does not admit an isometric sh[fi. 
Proqf. L”(Z, Z, ~1 is isometrically isomorphic to C(Q) where R is 
extremally disconnected and has no isolated points. Thus, if L”(Z, ,Y, p) 
admits an isometric shift, then C(B) also admits an isometric shift T which 
must be of type II. It follows that the quotient space Q/{a, b} is homeo- 
morphic to R, which implies that Q/(a, 6) is extremally disconnected. 
On the other hand, suppose that W, and IV: are disjoint open sets in X 
with aE W, and b E W,. Let q: R -+ Q/{a, bJ- be the quotient map. Then 
41 0, [o.hj :Q’\,{a,b}+(Q/( a, b) )‘:[a] is a homeomorphism and W, ‘,,(a) 
and W,\(b) are disjoint open sets in Q. Hence q( W,)‘\,,[a] and q( W,)\,[b] 
are disjoint open sets in Q/{a, b ). Since Q has no isolated points we 
have q( W, )‘\[a] = qm = q( W, 1, so [a] E q( W, )\ [a]. Similarly, 
[a] = [b] ~q( W,)\,[b]. This shows that Q/{a, bJ is not extremally discon- 
nected, a contradiction, and the proof is complete. 
Remark. The above proof in fact shows that if Q is an extremally 
disconnected compact Hausdorff space with no isolated points, then C(Q) 
does not admit an isometric shift. This result will also be obtained using a 
different approach in Section 4. 
As a further application of Theorem 2.5, we wish to consider the case 
where X has a countably infinite number of components, none of which 
consists of a single point. If T is a shift on C(X), then it must be of type 
II and hence there exists a unique pair of points {a, 6) such that 
$(a) = $(b). Let c = $(a). 
LEMMA 2.3. Let A’, a, and b be as above, and let C be an open component 
of X. Then there exists integers m and n such that either $“‘(a) and $“(a), 
or $“(b) or $“(b) are in C. 
Proof: Since C is infinite, the must exist disjoint open sets (I,, Uz, and 
iJ3 in C. Then by Theorem 2.5, there exists integers k,, k,, k, such that for 
each ie { 1,2, 3 }, either $“‘(a) E U, or tik8(b) E Ui. The lemma now follows 
easily. 
THEOREM 2.7. Suppose X has a countably infinite number of components, 
all of whom are infinite. Then C(X) does not admit an isometric shifr. 
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Proof: Put an equivalence relation R on X by defining ,Y z y if x and 
)’ belong to the same component. Let Y be the quotient space Y = X/ z It 
is easy to see that Y is a compact Hausdorff space and the shift operator 
T on C(X) and its associated functions u’ and $ on X induce an operator 
p on C(Y) and functions 3 and 3 on Y such that rf(.r) = Kjy)f($(y)) for 
all f~ C( Y) and 4’ E Y. 
For any ?I E X, let [x] denote the equivalence class in Y which contains 
X, and define 0,= {$“( [x]): kEZ}. It follows easily from the previous 
lemma that at least one of the orbits 8,, and 8h, say 0,, is finite. Let 
B= Y\,O,. As B is a compact Hausdorff space with a countable number of 
elements, the Baire category theorem implies that B must have an isolated 
point [z]. Note that since it is isolated, [z] $8,. This isolated point [z] 
corresponds to an open component Cz in X; hence by the previous lemma 
there must exist distinct integers m and n such that @‘l(b) and t,+“(b) are 
both in C,. But this implies that G”(b) = q”(b), from which it is easy to see 
that 0,, must also be finite. But the Baire category theorem implies that Y 
must in fact have an infinite number of isolated points, so at least one of 
them is not in the finite set 0, u oh. This contradicts Lemma 2.3 (as well as 
Theorem 2.5), and completes the proof. 
3. MAPS OF THE CANTOR SET 
Given the results of Theorem 2.4, it is natural to ask if C(X) can admit 
a shift in the case that X has no isolated points. In general a compact 
homogeneous pace need not have a map $ which is continuous, onto, and 
one to one except for two points. The circle T is one such space and conse- 
quently there is no shift on C(T). Another natural candidate is the Cantor 
set K. So we ask, does K admit a map $ with required properties? 
THEOREM 3.1. Let a, b be two distinct points of the Cantor set K. Then 
there exists a continuous function $ from the Cantor set K onto itself such 
that $(a)= $(b)=a, the restriction II/ I K ;a) is one to one, and the set 
U {I+V’(C): nEZ) is dense in K VCE K. 
Proof Let I denote the unit interval [0, 11, let I2 be a Cartesian 
product Ix 1, and let I, denote the segment { l/3”} x [0, l/3”] in the square 
I’ for any non-negative integer n. Let K,, denote the Cantor set in I,, 
obtained by the usual ternary construction. Note that diam K,, = l/3”. 
Let &Jn denote a basis of K,, that consists of the sets 
cl({ l/3”) x ((i- 1)/3k, i/3“))n K,, where k=n, n+ 1, . . . . and i= 1, 2, . . . . 3k. 
Observe that K, is a member of the basis S?,, . For every BE &In let B( 1) and 
B(2) denote elements of ~8” such that diam B( 1) = diam B(2) = 
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(1/3)diamB, B(l)uB(2)=B,andif.~~B(l)and~~~B(2)thenx<~~.Let 
K={(O,O)}uU {K,,:n=O, 1,2 ,..., j. ’ Observe that K is a Cantor set (on K 
we use the metric induced by the standard metric of the plane). Without 
loss of generality we may take 0 = (0,O) and b = ( 1.0). 
For ever non-integer n we define a continuous function +,, and a family 
-4, such that the following conditions are fulfilled. 
(i) If A E ,CZ& then diam A d l/3” and any two elements of A$, are 
disjoint. 
(ii) U dl=lJ {K,:k=O. 1, . . . . H). 
(iii) &z= {ll/A(K,,(2)): i=O, 1, . . . . m(n)- I ), where m(n) is the num- 
ber of elements of JZ$ and K,(2)=({1/3”) x [2/3”+‘, 1/3”])nK,. 
(iv) For any A E J& the restriction 9” 1 A is an increasing linear 
function from A onto $,(A). 
(4 ~,I~.U.~~~=idIR.U.~~. 
(vi) For every SE K we have ll(/,,(x)-$,,P,(s)l <2/3,,-‘. 
(vii) If AE,c$-, and (1,O) is not an element of A then 
tirrlA=IC/n-II.4. 
To construct $,, we proceed as follows. The family .& consists of two sets 
K,( 1) and K,( 2) where K,( 1) = K, \K,( 2) for all n > 0. Define Ic/O as follows: 
$0 I K‘ K. = i4 K Ko’ 
is a linear and increasing function from Ko( 1) onto K,(2), i.e., 
~0(l~~~~[i,.x+2/3) for (l,x)~K,(l), 
IL,, I KO(z, is a linear and increasing function from K,(2) onto K,( 1 ), i.e., 
@0(1,~)=(1,.~-22/3)for (l,x)~K,(2).. 
It is straightforward to verify that conditions (i )-(vii) are satisfied. 
To construct $,+ , we proceed as follows. Suppose that we have defined 
families z& and functions tik for k = 0, 1, 2, . . . . n. Let A, be an element of 
&n such that (I, 0) E A,,. We define ICI,,+, as follows: 
~n+~lX.~,K~,,u.~.~=~nIK,,,K~+,vA.~,~N+II~~h;l,i~alinearandincreasing 
function from K,,, , onto K,(2), 
lCIn+IIA,,Z, is a linear increasing function from A,(2) onto K, + ,( 1 ), 
and 
*n+*IA,,1, is an increasing and linear function from A,( 1) onto 
Kn+ l(2). 
Now let m(n) denote the number of elements in J;p,. Then 
~~:“1(K,+l)=~~‘“‘-‘(K,(2))= A,,. 
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and 
Since $,+,(A,(2))=K,,+,(l), it follows that ICI~“,‘;“‘(K,,+,(2))=A.(l). 
Put 
d .+,={~~+,(K,+,(2)):k=0,1,2 ,...12m(n)+l}. 
It is clear that conditions (i)-(v) and (vii) are satisfied. To see that 
condition (vi) is also satisfied, we consider the sets K,, + , and A,. Note that 
we have defined A, to be an element of dn such that (1,0) E A,,. If c E K,,+ , 
then $,,(c) = c and $,, + ,(c) E K, + , Hence, 
I$,Jc)- en+ ,(c)l < l/3”- 1/3n+’ +diam K,, < 213”. 
On the other hand, if c E A, then tin(c) E K,, and 1(/N+ ,(c) E K, + , . Thus, 
I$,Jc) - t,G,, +*(c)l d l/3” - l/3” + ’ + diam K, < 21’3”. 
Thus we have constructed a sequence of functions $,, satisfying conditions 
(ik(vii). Let *=limn,, en. It is easy to see that $ is a continuous func- 
tion, $(O, 0) = (0, 0), +( LO) = (0, 0), and I(/ I K,,l(O, 0)) is one to one and onto 
K. A proof that for any c E K the set U {e”(c): n an integer} is dense in K 
is straightforward. 
To exhibit a shift operator on C(K) of the form Tf(x) = w(x)f($(x)) a 
weight function W(X) must be found such that T does not have f 1 as an 
eigenvalue. At this point, it is not obvious that such a weight exists. As a 
consequence, the existence of a shift operator on C(K) must be left as an 
open question. 
4. DISJOINTNESS PRESERVING SHIFTS 
In this section we consider shift operators on Dedekind complete Banach 
lattices. Isometric (quasi-)shifts on many Banach lattices such as Lp spaces 
(1~ p < co; p # 2) and C(X) spaces when X has no isolated points, have 
the disjointness preserving property (see [8] and Theorem 2.1 above). 
Thus it is natural to study disjointness preserving shifts on such spaces. It 
turns out that for many purposes we will not need the assumption (iii) in 
the definition of a shift operator, so we will consider disjointness preserving 
quasi-shifts. For the general terminology and theory of Banach lattices we 
refer to [ 10, 14, 11. Now let E be a Banach lattice. Two elements f, gE E 
are called disjoint (denoted by f I g) if IfI A 1 gl = 0. If S is any subset of 
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E, denote by S” the subset {g E E: f‘ I g for all f~ S,\. If E is Dedekind 
complete, then E = S’@ S‘? An operator T on E is called disjointness 
preserving if it takes disjoint elements to disjoint elements. If T is disjoint- 
ness preserving, then 1 TI exists [2] and is a lattice homomorphism; 
furthermore for all ,f~ E Irfl = IT/ IfI (see [ 1, 8.61). If T is disjointness 
preserving and a (quasi-)shift, then T will be called a disjointness 
preserving (quasi-)shift. 
Recall that the cetrter Z(E) of a Banach lattice E is the set of all 
operators M for which there exists a positive real number k such that 
IMfl ,< klfl for all ,fg E. An operator M is in Z(E) if and only if .f’ I g 
implies Mf I g (see [14, 144.33 or [l, 15.4 and 15.51); in particular 
elements of Z(E) are disjointness preserving. For further information on 
Z(E), see [14] or [I]. 
LEMMA 4.1. Let E be a Dedekind complete Banach lattice and let T be 
a disjointness preserving operator on E. Then there exists an invertible 
operator ME Z(E) such that T = MI TI. 
Proof: First suppose E is real. Since T + < I TI and T < I TI, it follows 
from [9, 4.31 or [l, 8.161 that there exists operators M, and Mz in Z(E) 
such that T+=M,ITI and T- =M,ITl. Define MO=M,-M,. Then 
T=M,ITI.DefineMbyMf=M,fiff~(ITIE)~~,Mf=fiff~(ITIE)dand 
extend T linearly to all of E. Clearly M < f, so ME Z(E). To show that M 
is injective, let f be a non-zero element of E\ker T. Then Tf #O and 
I Tf I # 0 so Ml TI f = Tf # 0, which shows that A4 is injective on I TI E and 
hence on ( TE)d” (see [ 14, 140.51). Since M is obviously injective on ( TE)“, 
it follows that M is injective on E = ( TE)dd@ (TE)‘. By [ 14, 140.53, M is 
surjective as well. 
Finally, if E‘is complex, let M, and Mi be the operators obtained by 
applying the lemma to the real and imaginary parts of T. Then it is clear 
that M := M, + iM, satisfies the required properties. 
The next lemma follows easily from Lemma 4.1. 
LEMMA 4.2. Suppose E is a Dedekind complete Banach lattice and sup- 
pose T: E + E is a disjointness preserving operator. Then T is a disjointness 
preserving quasi-shift if and only [f I T( is a disjointness preserving quasi-shift. 
Remark. The conclusion of Theorem 4.2 cannot be generalized to 
disjointness preserving shifts on arbitrary Banach lattices. For example, let 
T be the shift operator on c given by (x, , x2, . ) H ( - x, , X, , .Y?, . ..). Then 
1 TI is not a shift operator since constant sequences are in the range of T’ 
for all i E N. 
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Recall that an subspace J of a Banach lattice E is called an ideal iffe 1, 
gE E, and lgl 6 lfl implies ge J. 
LEMMA 4.3. Suppose f, and fi are disjoint elements of a Banach lattice 
E, and T is a disjointness preserving quasi-shift on E. Then either the ideal 
generated by Tfl or the :deal generated by Tf2 is in the range of T. 
Proof Since the ideal generated by Tfi (i = 1,2) is the ideal generated 
by I Tfil = 1 TI I fifil, by Lemma 4.2 it can be assumed that T and the fi are 
positive. Suppose that the ideal generated by Tf, is not contained in the 
range of T. Thn there exists an element g, not in the range of T such that 
0 < g, < TfL. Since T is disjointness preserving Tf, I Tf2 and hence 
g, I Tf2. Let g, be a positive element of the ideal generated by Tf2; 
without loss of generality we may assume that g2 Q Tf?. Since the range of 
T has codimension 1 there are an element h E E and a scalar k such that 
g, = kg, + Th. Thus 
g,=g,~ Tf2=(kg,+Th)r\ Tf2=Thr\ Tf2=T(hr\fi), 
which shows that the ideal generated by Tf2 is in the range of T. 
LEMMA 4.4. Suppose T is a disjointness preserving quasi-shift on a 
Banach lattice E, and for some .f, g, h E E + , 
Then : 
0-c ITgl < ITfl; 0 < 1 Thl < I Tf I and Tg I Th. 
(i) O<g<f andO<h<f and 
(ii) g J- h. 
Proof: I TJ is a lattice isomorphism from E onto the sublattice 1 TIE. 
Thus, by [ 10, 18.51, its inverse 1 TI ~ I: ( TI E -+ E is positive and disjointness 
preserving. 
Recall that a element f > 0 of a Banach lattice E is called an atom if 
whenever g and h are elements of E satisfying 0 < g <f, 0 < h <f, and 
g I h, then either g = 0 or h = 0. It is well known that f is an atom if and 
only if the ideal generated by f is one dimensional and that linearly 
independent atoms are disjoint (see [ 10, 26.41). 
LEMMA 4.5. Let T be a disjointness preserving quasi-shift on a Banach 
lattice E and suppose f E E is an atom. Then Tf can be expressed as a linear 
combination of at most two atoms. 
Proof It suffices to show that the ideal generated by Tf has at most 
dimension 2. Suppose this was not the case. Then we could find linearly 
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independent elements g,, gz, and g, in the ideal generated by Tf: Since the 
range of T has codimension 1, there exists scalars A, and Pi, not both zero, 
and an element h, E E such that 1, g, +p, g, = Th,. Without loss of 
generality, we may assume that p, # 0. Similarly, there are also scalars A1 
and p2 not both zero and an element h2E E such that A:g, +p?g, = Th,. 
It follows easily from ,u, # 0 that I., g, + ,u, g, and i., g, + p2 g, are linearly 
independent; hence h, and /I? must also be linearly independent. But both 
Th, and Th2 are in the ideal generated by Tf so the last lemma implies that 
h, and h, are in the ideal generated by$ This contradicts the assumption 
that f is an atom and proves the lemma. 
LEMMA 4.6. Suppose T is a disjointness preserving quasi-shift on a 
Dedekind complete Banach lattice E lvith no atoms. Then T is order con- 
tinuous. 
Proof: Since elements of Z(E) are order continuous [ 14, 139.43, it may 
be assumed by Lemma 4.1 that T is positive. Suppose .f, J 0 in E and 
suppose there exists an element g E E such that rfz b g > 0 for all c(. Since 
E has no atoms, there exists pairwise disjoint positive elements g, 
(i= 1,2,3,4) in E such that 0~ g,< g (i= 1,2. 3,4). If gj was in the range 
of T for some ie { 1,2,3,4), then there exists an element h E E such that 
gi = Th, hence by Lemma 4.4 we have f, 2 h > 0 for all CZ, a contradiction. 
Therefore none of the gj are in the range of T. Since the range of T has 
codimension 1, there must be (non-zero) constants I, (i= 1, 2, 3, 4) and 
elements k, and h, in E such that 
and 
d,g, +12gz= Th, 
13g,+k,g,= Th,. 
These equations imply that Th, I Th, so by Lemma 4.4, h, I h,. By 
Lemma 4.3, either the ideal generated by Th, or the ideal generated by Thz 
is contained in the range of T. But this implies that either g, and g,, or g, 
and g, are in the range of T, a contradiction from which the result follows. 
Recall that a component of a positive element e in a Banach lattice E is 
an element c E E for which c I (e-c). If c is a component of e, then 
0 < c<e [ 10, 38.21. If E is Dedekind complete, then an element c is a 
component off if and only if there exists a band projection P on E such 
that c = Pe. We are now ready to prove the main result of this section. 
THEOREM 4.1. Suppose E is a Dedekind complete Banach lattice with at 
most a finite number of atoms. Then there does not exist a disjointness 
preserving quasi-shift on E. 
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Proof. Suppose T is a disjointness preserving quasi-shift on E and sup- 
pose E has a finite number of atoms. Let S = {f,, fi, . . . . f,} be a maximal 
linear independent set of atoms in E and V be the linear span of S, so 
V= Sdd. Then by Lemma 4.5, Tf,, Tf2, . . . . Tf can be expressed as a finite 
linear combination of atoms, so by the maximality of S, V must be 
invariant under T. Since T is injective, we have in fact T( V) = V. Therefore, 
if W= Sd, then W is a closed subspace of E with no atoms, is invariant 
under T, and the range of TI w must have codimension 1. In other words, 
TI I-tr is a quasi-shift on W. Thus, it s&ices to show that all non-atomic 
Dedekind complete Banach lattices do not admit a quasi-shift. 
To this end, suppose now that E is a non-atomic Dedekind complete 
Banach lattice and that T is a quasi-shift on E. By Lemmas 4.2 and 4.6, it 
can be assumed that T is positive and order continuous. Let f be an ele- 
ment of E not in the range of T. Then either f + or f ~ is not in the range 
of T since f = f + -f -. Thus, it may be assumed that f 20. Let C be the 
collection of all components off in the range of T and let f. = SUPS, c g. 
We claim that there exists non-zero elements in C and hence f. > 0. To see 
this, let fi (i= 1, 2, 3, 4) be disjoint non-zero components off (the f, must 
exist because E has no atoms and is Dedekind complete). Since T is a 
quasi-shift, there exists scalars Ai (i= 1, 2, 3,4) such that A,f, + &fi and 
l,f, + d4f4 are in the range of T. By Lemma 4.3, either fi and,f,, or f3 and 
f4 are in the range of T, which proves the claim. 
Next, it follows from the fact that T is an order continuous lattice 
homomorphism that f0 is a component off and is in the range of T. 
Furthermore, since f is not in the range of T, f - fb > 0. Let g = f - fo. 
Then g is a non-zero component off, f. 1 g, and therefore g cannot be in 
the range of T by the definition of fo. Since E has no atoms and is 
Dedekind complete, there exists mutually disjoint band projections P, , P2, 
P3, and P, on E such that 0 < Pig < g (i = 1,2, 3,4). Now by construction, 
the Pig are components off which are disjoint from fo, and hence cannot 
be in the range of T. Since the range of T has codimension 1, there must 
be (non-zero) constants pi (i= 1, 2, 3,4) and elements h, and hz in E such 
that 
pIP,g+clzPzg= Th, 
~~Pp3g+c(d’zag= Th,. 
These equations imply that Th, I Th, so by Lemma 4.4, h, I h,. By 
Lemma 4.3, either the ideal generated by Th, or the ideal generated by Th, 
is contained in the range of T. But this implies that either P, g and P,g, 
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or P, g and P4g are in the range of T, a contradiction. Thus. no such 
operator T can exist. 
The following results now follow easily. 
COROLLARY 4.1. If E = Lp( X, Z, p) lrhere (X, .Z, p) is a measure space 
rcYth no atoms and 1 < p < ‘x, then there are no disjointness preserveing 
quasi-shijis and hence no isometric quasi-shifrs on E bi*hen p # 2. 
Remark. The above corollary was proved using different methods by 
de Pagter and Schep [12]. Some special cases on L’ spaces are proved 
in [7, 41. 
COROLLARY 4.2. Suppose X is an extremall~ disconnected compact 
Hausdorff space )cith at most a finite number of isolated points. Then C(X) 
has no disjointness preserving quasi-shifts and hence no isometric shifts either. 
ProoJ The first statement follows immediately from Theorem 4.1; the 
second follows from the first statement since the results of Section 2 show 
that every isometric shift on C(X) must be disjointness preserving. 
COROLLARY 4.3. Suppose E = L’ (X, Z, ,u), bblhere (X, Z, p) is a measure 
space ,vith at most a ,finite number of atoms. Then E has no disjointness 
preserving quasi-shifts nor isometric shifts. 
Proof: The result follows easily from Corollary 4.2 and from the fact 
that E is isometrically isomorphic as a Banach lattice to C(X), where X is 
as in Corollary 4.2. 
A theorem even stronger than Theorem 4.1 holds for spaces that admit 
a disjointness preserving shift. 
THEOREM 4.2. Let E be a Dedekind complete Banach lattice and let A be 
the collection of all atoms in E. If Ad# (O}, then there are no disjointness 
preserving shifrs on E. 
Proof Suppose T is a disjointness preserving shift on E and f E Add. We 
claim that TfE Add. Suppose this is not the case. Let P be the projection 
onto Ad and let g= PTjI Then g #O and there exists pairwise disjoint 
elements gi (i = 1,2, 3,4) such that 0 < gi< lgl for each i. Using the same 
argument as in the proof of Theorem 4.1, either g, and g?, or g, and g,, 
say g, and g, are in the range of T. Thus there exists an element f, E E such 
that Tf, = g,. Since I Tf,l < lgl E Ad, Tf, E Ad so it follows from Lemma 4.5 
that Tf, I Ta for any atom a E A. Hence Jr I a for all a E A by Lemma 4.4, 
which implies that f,EA’. Since O#ITf,l=lg,l~lg1~lTfl we have 
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0 # If,1 <f which contradicts the assumption that f~ Add and proves the 
claim. 
Now let r,,: A” -+ Ad be the restriction of PT to Ad = PE. Then T, is dis- 
jointness preserving and has closed range. We claim that T, is injective. If 
this were not true, then there exists a non-zero function f~ Ad such that 
Tfe Add. Sincefe Ad, there exist pairwise disjoint elements gi (i= 1, 2) such 
that 0 # lgil 6 IfI (i= 1, 2). Since T is disjointness preserving Tg, and Tg, 
are disjoint elements for which 0 # 1 Tg,l 6 I rfl. Thus I Tfl is not an atom. 
On the other hand, since 0 # Tf E Add, there must exist an atom a E A such 
that a is not disjoint with Tf; since a is an atom this implies that 
a, : a A 1 Tfl is an atom for which a, 6 I Tfl. Let h be the projection of 1 Tfl 
onto (a,}“; this projection must be non-zero since ITfl is not an atom. By 
applying the above argument to h in place of ITfl, there must be an atom 
a2 such that a, 6 h < I Tfl. Since the range of T has codimension 1, there 
exist scalars A and ,D not both zero such that Ila, +~‘a,1 = ITbl < lTf\ for 
some b E E. By Lemma 4.4, b $ A” and Ibl < If], contradicting the assump- 
tion that f~ Ad and proving the claim. 
Thus by Theorem 4.1, the range of T,, cannot have codimension 1; 
moreover T, is not surjective since that would imply that Ad c Tb c Ti( E) 
for every natural number i. Since T(Add) c Add, this implies that the range 
of T also does not have codimension 1, contrary to assumption. Therefore 
E does not admit a disjointness preserving shift. 
Our last goal of this section is to show that the only Lp spaces that 
admit a disjointness preserving shift are the sequence spaces Ip. 
LEMMA 4.7. Suppose E is a Banach space which admits a shift operator 
T. Then there exists a countable collection of bounded linear functionals on 
E which separates the points of E. 
Proof Since T(E) is a closed subspace of codimension 1, the 
annihilator T(E)’ is of dimension 1. Consequently there exists a non-zero 
linear functional y, such that y,(f) = 0 if and only if f E T(E). Likewise, 
since T’(E) is a closed subspace of codimension 2 there exists a linear 
functional yz such that fe T’(E) if and only if yj(f)=O for i= 1, 2. 
Proceeding by induction, we obtain a sequence of linear functionals (7,) 
such that feT”(E) if and only if y;(f)=0 for l<ibn. If vi(f)=0 for 
every i’it follows that f E fi,za 0 T”(E) and since T is a shift f = 0. Therefore, 
the sequence of linear functionals (7;) separate the points of E and the 
proof is complete. 
Remark. It is possible for C(X) to be separated by a countable number 
of linear functionals and yet X not be separable. To see this, consider the 
maximal ideal space of L” [0, 11. This space is not separable by 
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Corollary 1.13 of Takesaki [ 13 1. However, the family of measures ”&r( .I-), 
n = 1, 2, . ..( separate the points of L” [0, 11. 
LEMMA 4.8. Let (X, z, u) be u measure space and suppose 
E = Lp(X, C, ,u) (1 < p < tm ) admits a shift operator. Then (X, z’, u) has at 
most a countable number of atoms. 
Proof By the previous lemma, there exists a countable number of 
functions g,, gZ, . . . E Lq where l/p + l/q = 1 which separates the points of E. 
Each such function g, can be non-zero on at most a countable number of 
atoms. Since the g, separates the points of E, for each atom at least one 
of these functions must be non-zero on this atom. Hence (X, Z, p) can have 
at most a countable number of atoms. 
THEOREM 4.3. Let (X, z, u) be a measure space and suppose 
E = Lp( X, z‘, u) ( 1 < p < cc ) admits a disjointness preserving shift. Then E is 
isometrically isomorphic to the sequence space I”. 
Proof By Theorem 4.2, (X, Z, p) must be totally atomic and by the 
previous lemma it can have only a countable number of atoms. 
Remark. In the case where p = 1, it is clear that Lemma 4.8 and hence 
Theorem 4.3 hold if it is assumed that the measure space is o-finite. 
An analogous result to Lemma 4.8 holds for a compact Hausdorff space. 
LEMMA 4.9. Let X be a compact Hausdorff space and suppose C(X) 
admits a shift operator. Then X has at most a countable number of isolated 
points. 
THEOREM 4.4. Suppose X is an extremally disconnected compact 
Hausdorff space for which C(X) admits a disjointness preserving isometric 
shift. Then X is homeomorphic to BN and hence C(X) is isometrically 
isomorphic to 1 Oc. In particular, if (Z, z, p) is a measure space, L”(Z, .Y, p) 
admits a disjointness preserving shift operator if and only if it is isometrically 
isomorphic to lx. 
Proof: By Theorem 4.2, the collection S of all isolated points of X must 
be an open dense subset of X and by the last lemma S must be countably 
infinite since C(X) is infinite dimensional. Since X is extremally disconnected 
this implies that X is homeomorphic to BN and hence C(X) is isometrically 
isomorphic to 1 a. 
SHIFTOPERATORS ON BANACHSPACES 117 
5. DISJOINTNESS PRESERVING SHIFTS ON C(X) 
We now return to the more topological methods of the previous sections. 
We answer the following topological question. Does the existence of a type 
I disjointness preserving isometric shift on C(X) imply the separability of 
X? We show that the answer is yes. For simplicity we will assume that our 
C(X) space is over the real scalars; the complex case follows using similar 
reasoning. 
Henceforth, we assume that X is a compact Hausdorff space, T is a type 
I isometric shift operator on C(X), p is the isolated point of X as given in 
Theorem 2.1, X0 = X\(p), 1+9: X0 + X, and w are as in Theorem 2.1. Let Tr 
be the bounded linear functional on C(X) given by r,(f) = Tf(p) as in 
Definition 2.1. 
The proof of the main result requires some lemmas. First of all, by the 
Riesz representation theorem Tr is given by a signed regular Bore1 measure 
p in the sense that 
for every f E C(X). 
LEMMA 5.1. Let X be a compact Hausdorff space and p a signed regular 
Bore1 measure on X. If U z X is open and lpl( U) # 0 then there exists 
g E C(X) such that jx g dp # 0, and g = 0 on X\U. 
ProoJ Since IpI(U)#O either p.+(U) or p-(U) is non-zero. Conse- 
quently, there exists a compact set FE U such that p(F) # 0. By regularity, 
l,u\(F)=inf{ [PI(G): G is open and FsG}. Hence there exists an open set 
G,s U with FL G, such that (pl(G,\F) < l/n where n is chosen such that 
p(F) + l/n #O. Now there exists a continuous function g: X--f [0, l] such 
that g = 1 on F and g = 0 on X\Go. It follows that 
Hence, 
Therefore, from 
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and our choice of n it follows that 
s gnpzo. x 
LEMMA 5.2. Let p be the measure associated rvith linear functional Tr. 
Then the support of p consists of at most a single point, so Tr is a constant 
times a point evaluation. 
ProojI Define 6, E C(X)* by b,(f‘) =f(p). Then 6, is clearly disjointness 
preserving and hence r= 6, = T is also disjointness preserving. Thus, if U, 
and Uz are disjoint open sets in X, then either Ipo(U,) = 0 or [p/( Uz) = 0, 
which implies that the support of p must consist of at most a single point. 
THEOREM 5.1. Let T be a disjointness preseroing isometric shift operator 
of type I on C(X) and let p and Tr be as above. Let y be the support qf the 
measure p associated Gth Tr as gitlen in Lemma 5.2 (if T* = 0 then take ~1 
to be any point in X). Let 
% 
F,= u F”(P) 
k=O 
and 
Then A’= F, v Fz and hence X is separable. 
Note. If I,!/‘(Y) = p for some integer n 2 0, then let F, = UE = ~ ~, $“( 1’). 
Proof Suppose there exists an element z~ X\F, u F,. Then by 
Urysohn’s lemma there exists a function g E C(X) such that g(z) = 1 and 
g(x) = 0 for all -YE F, u F:. We claim that g is in the range of T. To 
see this, define k(x)=0 if xeF,uFz and h(x)=g($-‘(x))/w($-‘(x)) 
otherwise. A straightforward net argument shows that he C(X). Further- 
more for any x $ F, u Fz we have Th(x) = MJ(~) g($(ll/-l(x)))/ 
M’($($ -l(x))) = g(x) and Th(x) = iv(x) h($(x)) = 0 = g(x) if 
.Y E (F, u F*)\{p). Finally, Th(p) = T,(h) = h(y) = 0 = g(y). Hence 
Th(x) = g(x) for all +Y EX so g E T( C(X)). Repeating the above argument 
with h in place of g shows that h E T(C(X)) and hence gE T*( C(X)). By 
continuing this argument by induction we see that g E T”( C(X)) for every 
natural number n, contradicting the assumption that T is a shift operator. 
Thus X=F,uFz. 
We end the paper by listing some questions which have arisen. 
1. Does there exist a compact Hausdorff space X with no isolated 
points for which C(X) nonetheless admits an isometric shift operator? 
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2. More generally, does there exist a non-atomic (necessarily non- 
Dedekind complete) Banach lattice which admits a disjointness preserving 
shift? 
3. If X is a compact Hausdorff space for which C(X) admits an 
isometric shift, must X be separable? 
4. If (X, Z, p) is a measure space for which L “(A’, C, p) is infinite 
dimensional but not isometrically isomorphic to I %, can the maximal ideal 
space of LX (X, Z, 11) be separable? 
REFERENCES 
1. C. D. ALIPRANTIS AND 0. BURKINSHAW. “Positive Operators,” Academic Press, Orlando, 
1985. 
2. Y. A. ABRAMOVICH, Multiplicative representations of disjointness preserving operators, 
Indag. Math. 45 (Proc. Nederl. Acad. Wetensch. A 86) ( 1983), 265-279. 
3. R. M. CROWNOMR, Commutants of shifts on Banach spaces, Michigan Math. J. 19 
(1972), 233-247. 
4. D. J. HARRINGTON, Corank of a composition operator, Canad. Math. Bull. 29 (1986), 
33-36. 
5. J. R. HOLUB, On shift operators, Canad. Math. Bull. 31 (1988), 85-94. 
6. W. HOLSZTYNSKI, Continuous mappings induced by isometries of spaces of continuous 
functions, Studia Marh. 26 (1966), 133-136. 
7. A. KUMAR, Fredholm composition operators, Proc. Amer. Mafh. Sot. 79 (1980). 233-236. 
8. J. LAMPERTI, On the isometries of certain function spaces, Pacific J. Mafh. 8 (1958). 
459466. 
9. W. A. J. LUXEMBURG AND A. R. SCHEP, A Radon-Nikodym type theorem for positive 
operators and a dual, Indag. Math. 40 (Proc. Nederl. Acad. Wetensch. A 81) (1978). 
357-375. 
10. W. A. J. LUXEMBURG AND A. C. ZAANEN. “Riesz Spaces I,” North-Holland, Amsterdam, 
1971. 
11. J. R. MUNKRES, “Topology, a First Course,” Prentice-Hall, Englewood Cliffs, NJ, 1975. 
12. B. DE PAGTER AND A. R. SCHEP, Measures of non-compactness of operators in Banach 
lattices, J. Funct. Anal. 78 (1988). 31-55. 
13. M. TAKESAKI, “Theory of Operator Algebras I,” Springer-Verlag, New York,‘Heidelberg/ 
Berlin, 1979. 
14. A. C. ZAANEN, “Riesz Spaces II,” North-Holland, Amsterdam, 1983. 
